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I. INTRODUCTION
A DC SQUID is commonly used to project and readout the state of a superconducting flux qubit [1] - [3] . The measurement is slow on the evolution timescale of the qubit. This has the disadvantage that the measurement device becomes entangled with the qubit and affects its evolution and contributes to decoherence, before the measurement is complete. It is preferable to make a definitive measurement of the qubit, which ideally will isolate the intrinsic quantum-mechanical uncertainty of the qubit state.
One technique to readout the qubit state rapidly is to use a Josephson junction comparator. The comparator is quiescent during the evolution of the qubit and is designed to have no effect on the qubit state. Then at a chosen instant a readout SFQ ("single-flux-quantum") pulse arrives and forces the comparator into a choice of one output or the other, and this decision depends on the direction of the qubit magnetic field. The decision is made in picoseconds, much quicker than the evolution timescale of the qubit. Thus the comparator makes a "single shot" measurement of the qubit flux (or equivalently current).
The Josephson junction SFQ comparator for qubit readout was first introduced by our group several years ago [4] , [5] , and we have integrated these into several experimental circuits laid out and submitted to foundries. Now there appears to be increased interest in this topic [6] . Qubit readout comparators differ from the familiar standard SFQ comparator in that their junctions are not resistively shunted. Unshunted comparators, and their properties, are rarely mentioned in the literature.
In this paper we investigate and discuss the various issues which arise for the use of the unshunted as opposed to the resistively shunted Josephson junction comparator. The first is the dynamical stability of the comparator. Without (local) resistors to provide damping one might be concerned that the comparator would be susceptible to ringing, chaos, and other undesirable behavior. The simulations described below show that this is not the case, that the dynamic behavior of the unshunted comparator is surprisingly similar to the familiar resistively-shunted SFQ comparator. However, both versions of this device can exhibit varieties of multi-pulse behavior, and we use this phenomenon for a new SFQ comparator design with better coherence properties for qubit readout. The second general issue is the sensitivity of the comparator. This is important because a more-sensitive detector can be more weakly coupled to the qubit and hence less conducive to decoherence. After discussing theories which may be applicable, we conclude that the limiting sensitivity will be best determined by experiment.
II. THE COMPARATOR
A sketch of the comparator for qubit readout is shown in Fig. 1 . The comparator itself consists of two Josephson junctions in series which are fed by an SFQ input pulse which arrives through a Josephson transmission line (JTL). The SFQ voltage pulse is an object of quantized size, mV ps. These units give an impression of the time scale and the amplitude scale of SFQ dynamics. When the SFQ pulse arrives at the comparator one or the other of the Josephson junctions must switch, corresponding to an increase of the phase of the wavefunction of the superconductor across the comparator equal to . (In fact we will see that the phase may change by or any other multiple, with implications for the comparator behavior.)
One of the comparator junctions is inductively coupled (weakly) to a superconducting flux qubit, as seen in Fig. 1 . The comparator is quiescent during the evolution of the qubit. Then the readout SFQ pulse arrives. If the comparator is biased properly, the small current coupled from the qubit, positive or negative, determines which of the two comparator junctions will switch. This decision occurs within picoseconds. There is an output SFQ pulse if and only if the bottom junction switches, and this is measured by standard techniques without ambiguity.
Of course, any noise blurs this decision. As the comparator bias is changed, the transition from zero to full probability of output is not sharp. Assuming linear dynamics this transition is given by the error function (the erf is simply the integrated Gaussian) and even though the comparator is highly nonlinear this is a satisfactory approximation for our purposes. Thus there is a gray zone in which the output is probabilistic, not perfectly determined. One wishes that the gray zone be smaller than the coupled qubit current. If it is comparable then the comparator noise is convolved with the qubit quantum-mechanical uncertainty. If it is larger then the comparator is not capable of single-shot measurements of the qubit.
There is one more Josephson junction, marked " " in Fig. 1 . It is necessary for the inductive loop to release the magnetic flux due to output switching. But in fact, our design for the qubit readout comparator shown in Fig. 1 was inspired by another device, which is the popular one-bit quantizer for superconducting analog-to-digital converters (ADC). It is called the "quasione-junction SQUID" (QOS) in which the "quantizing" junction has a much smaller critical current than the others, increasing the ADC sensitivity. The purpose of the ADC quantizer, to sensitively distinguish currents below and above a certain threshold, is the same as the requirement for a qubit readout device. There has been much research on QOS comparators, including the fully SFQ QOS ADC [7] .
The advantages of the Josephson junction SFQ comparator for qubit readout are much the same as the advantages of the QOS ADC. First, the level detection is made in a very short time. Second, the sensitivity is excellent. In addition the SFQ comparator fulfills another requirement that is essential for any qubit readout device-it has negligible effect on the qubit during its evolution before readout.
These virtues recommend the Josephson junction SFQ comparator for qubit readout, but several issues remain. The stability of the dynamics of this nondissipative device must be determined. Also, the desired high sensitivity of the comparator must be established. In particular, qubit measurements will be performed at very low temperature so thermal noise might be neglected, but is there quantum noise and if so of what magnitude? Significant quantum noise should make the comparator useless for this purpose. We will discuss this below.
III. SIMULATIONS
We performed simulations of the dynamics of both shunted and unshunted SFQ comparators. Note that in both cases the comparators were integrated with the standard RSFQ input and output circuitry which do of course include shunt resistors. So although the unshunted comparators may have increased initial transients and ringing effects due to the lack of local dissipation, the only practical effect of the high-local circuitry was to require a longer relaxation time between input pulses. No errors due to these effects were found for intervals between sample pulses in excess of 20 ns.
Both the shunted and the unshunted SFQ comparator were able to exhibit double-pulse behavior in response to a single SFQ input pulse. The comparator is usually described in terms of a strict either-or response where one and only one of the comparator junctions flips, which allows the incident SFQ pulse to escape from the input line through either the top junction or the bottom junction. On the contrary, the double-pulse response involves both top and bottom comparator flipping at the same time. This behavior may be commonly observed in simulations of SFQ circuits, but it is not often mentioned in the literature.
We studied the double-pulse phenomenon by repeated simulations of shunted and unshunted SFQ comparators. We mapped the area in parameter space of this phenomenon as a function of the comparator bias and the input line bias. The result is sketched in Fig. 2 . It is seen that the shunted and unshunted SFQ comparators show very similar behavior, the main difference being the larger input-line bias required for the shunted comparator. This is consistent with the fact that the shunt resistance provides an extra current path during an SFQ pulse. More complex behavior was observed as the biases were increased further; any number of pulses could be produced from either junction. It is simple to avoid such bias ranges in an experiment and these are not displayed in Fig. 2 .
During the double-pulse the phase over the comparator increases by . This implies that an anti-pulse is created in the input line and this anti-pulse will then propagate away from the comparator back into the input line. This suggests a new SFQ comparator design where the detection or nondetection of this anti-pulse constitutes the measurement. The idea is to bias the comparator near the boundary between "lower junction pulses" and "both junctions pulse" in Fig. 2 . Then, the lower junction always pulses in response to the sensing pulse, but there is an anti-pulse if and only if the qubit current is in the positive direction. We call this the anti-pulse comparator. The JTL line marked "output" in Fig. 1 is not included in the design of the anti-pulse comparator. It turns out that the anti-pulse comparator has several advantages for use as a qubit output device. First, the removal of the "output" line implies that there is less hardware in the vicinity of the qubit, a practical advantage especially for many-qubit quantum circuits. Second, the anti-pulse detection circuitry can be integrated with the sensing pulse generation circuitry. Third and most important, the effective resistance presented to the qubit by the comparator and its attached circuitry is much higher for the anti-pulse comparator than for the standard unshunted comparator (as shown below) and this implies much less decoherence from this circuitry.
We designed a simple circuit to simulate the detection of the anti-pulses, as shown in Fig. 3 . The SFQ-DC convertor sees a copy of the input pulse and it sees the anti-pulse as well if it occurs. In that case the double-flip of the SFQ-DC convertor gives a distinctly different output to laboratory electronics compared to the case where there is no anti-pulse. In addition, it is necessary to include a one-way buffer in the input line in front of the splitter, to remove the anti-pulse from the circuit so that it doesn't interfere with the next input pulse.
The anti-pulse comparator should be able to measure the state of the qubit as well as the standard unshunted comparator. However, this is just a supposition as have not included noise in our simulations to show that the sensitivity of the two devices is the same.
IV. NOISE
The unshunted SFQ comparator has not been theoretically treated in the literature. Therefore it is helpful to look to the standard resistively shunted SFQ comparator for guidance. There are two theoretical treatments in the literature of the effects of noise in the resistively shunted SFQ comparator. The first is the theory of Filippov (perhaps most clearly elaborated in [8] ) in which a Caldeira-Leggett model of the dissipation is used. The second is the theory of Herr [12] which uses a Fokker-Planck treatment to follow the deterministic evolution of the comparator probability density under the influence of noise from the resistors. Both of these theories are asserted to agree very well with experiments [6] , [10] .
However, the two theories appear not to agree with each other in all particulars. This is perhaps not surprising. The Filippov theory is able to produce analytic results because of the high degree of symmetry assumed for the two junctions and a series of other assumptions including a linearized response function. Thus the theory can apply only near the symmetry point of the (error function) threshold curve of the comparator. The Herr theory on the other hand includes the complicated nonlinear response of the comparator; no analytic results are possible. The predictions of the theory have only been plotted far from the symmetry point of the threshold curve of the comparator, in the region where the noise causes infrequent errors, and this is not directly relevant to the comparator sensitivity to detect small inputs.
The Filippov theory predicts that quantum noise limits the sensitivity of the resistively shunted SFQ comparator at low temperatures. The current amplitude in the quantum limit is relatively large. The predicted "gray zone" where the comparator cannot clearly distinguish currents above from below the threshold, is roughly equal to [8] , the geometric mean of the critical current and , where is the plasma frequency. We applied the Filippov prediction to the comparator circuit we simulated and found that our gray zone would be 2 A for a critically shunted comparator at zero temperature. The Filippov theory predicts that our resolution would get worse as the comparator resistance increases toward the unshunted case.
Thus we see that such a comparator would not be useful for quantum measurements, according to the predictions of the Filippov theory. We would like a current resolution of 0.1 A or better for the uses we plan.
The existence of a quantum limited sensitivity for the SFQ comparator is far from certain. There is no experimental evidence of quantum noise in any superconducting comparator as yet. Even if it turns out that the resistively shunted comparator has quantum noise as predicted by Filippov it would seem that insofar as the noise arises in the resistors it should be much less important for the unshunted comparator. Finally we should note that general theories of quantum noise are not well established-intuition can vary extensively. Even in systems that are apparently much simpler, and much more thoroughly studied both theoretically and experimentally, there are profound disagreements among leading investigators about the effects of quantum fluctuations on electrical systems in the zero temperature limit [11] . The limiting sensitivity of the unshunted SFQ comparator will best be determined by experiment.
V. DECOHERENCE BY RESISTIVE COUPLING
A quantum system should not be coupled to any resistor. The quantum system will relax toward classical behavior and any quantum information contained in the system will be lost. We will not attempt to do justice to this topic, but we will simply demonstrate that the anti-pulse comparator will allow longer qubit coherence times than previous designs of the unshunted comparator.
During qubit evolution, the quiescent comparator output circuit stays coupled to the qubit, and the rest of the on-chip circuitry is likewise coupled to the qubit through its connection to the comparator. The qubit sees this electrical environment as a complex frequency-dependent admittance. The imaginary part, the equivalent susceptance presented by the environment, is not important in that it will merely cause a minor renormalization of the susceptance of the superconducting flux qubit itself. The real part, the equivalent conductance presented by the environment, is very important; it causes the decoherence of the qubit. Fig. 4 plots the inverse of this quantity, the effective resistance seen by the qubit in Fig. 1 for the three different SFQ comparator cases we have studied.
should be as large as possible to minimize decoherence by resistive coupling. We have not tried to maximize this resistance, but just used typical SFQ circuit parameters and qubit parameters from [5] for our simulations and to calculate Fig. 4 . A transformer coupling constant of 0.03 was assumed. Any other consistent set of parameters would give qualitatively the same result as seen in Fig. 4 . Note that Fig. 4 applies to the quiescent state of the comparator, not when the sensing SFQ pulse arrives.
The resistively shunted SFQ comparator is represented by the lowest trace in Fig. 4 . On this scale it is barely distinguishable from zero. This device is not acceptable for quantum measurements. The unshunted SFQ comparator is represented by the middle trace in Fig. 4 , and the anti-pulse comparator by the top trace. The anti-pulse comparator is clearly superior for shielding the qubit from coupling to the resistors in the external circuitry. There is a factor of 2 improvement at most frequencies and a much larger advantage in the vicinity of the plasma frequency. This is because the external circuitry in the anti-pulse comparator is coupled only through the upper comparator junction, which serves to block excitations near its plasma frequency.
in Fig. 4 could be increased by orders of magnitude by changing the circuit parameters and adding additional circuitry to provide a filtering function. Above the plasma frequency the equivalent resistance becomes more complicated and less predictable, and if these frequencies are important more filtering will be required.
VI. CONCLUSION
The potential usefulness of the SFQ comparator in quantum circuits clearly justifies further investigation. In particular, low temperature measurements of the sensitivity should be carried out and compared to existing theories. In this paper we introduced the unshunted SFQ comparator and verified its stability. We invented a new type of comparator based on SFQ anti-pulses and showed that it has better coherence properties for qubit readout.
